The dynamics at the threshold of transition in plane Couette flow is investigated numerically in a large spatial domain for a certain type of localized initial perturbation, for Re between 350 and 1000. The corresponding edge state is an unsteady spotlike structure, localized in both streamwise and spanwise directions, which neither grows nor decays in size. We show that the localized nature of the edge state is numerically robust, and is not influenced by the size of the computational domain.
The dynamics at the threshold of transition in plane Couette flow is investigated numerically in a large spatial domain for a certain type of localized initial perturbation, for Re between 350 and 1000. The corresponding edge state is an unsteady spotlike structure, localized in both streamwise and spanwise directions, which neither grows nor decays in size. We show that the localized nature of the edge state is numerically robust, and is not influenced by the size of the computational domain.
The edge trajectory appears to transiently visit localized steady states. This suggests that basic spatiotemporally intermittent features of transition to turbulence, such as the growth of a turbulent spot, can be described as a dynamical system. © 2009 American Institute of Physics. ͓doi:10.1063/1.3265962͔ Subcritical transition to turbulence occurs in a variety of wall-bounded shear flows when the base flow is linearly stable.
1 Among them, the simplest example is plane Couette flow ͑pCf͒, the flow of incompressible Newtonian fluid between two countersliding plates of infinite extent. It is governed by one dimensionless parameter, the Reynolds number Re= Uh / , based on the plate velocity U, the half-gap h, and the kinematic viscosity . On one hand, all experiments have reported that transition occurs for ReՆ 320, 2 provided the amplitude of the initial disturbance exceeds a critical threshold. The transitional flow is characterized by the coexistence of laminar and turbulent regions, delimited by sharp fronts traveling at a fixed velocity.
3-6 These spatially localized structures are called turbulent spots and grow in time. This can be reproduced also by numerical time-integration of the incompressible Navier-Stokes equations, provided the size L of the periodic domain is large enough, 7, 8 typically L ϳ O͑100h͒. On the other hand, the local dynamics of the flow is starting to be better understood, based on numerical simulations in small periodic computational domains, with L ϳ O͑5h͒. Major progress has been the discovery of exact coherent states, either steady states, 9-11 traveling waves [12] [13] [14] [15] [16] or periodic orbits. [17] [18] [19] These states are all unstable, and they result from the nonlinear balance between streamwise rolls and streamwise streaks with an axial modulation, 20 which are also local features of the turbulent flow. 21 Some of these states sit on the separatrix between the basins of attraction of the laminar and the turbulent state, 13, 22, 23 in the associated phase-space. This separatrix is referred to as the laminarturbulent boundary ⌺, it is an invariant manifold of the phase-space. A trajectory on ⌺ is called an edge trajectory and it is believed to reach a relative attractor. 22 It was demonstrated that various exact coherent states are approached or visited transiently by edge trajectories, and hence by transitional trajectories just above the critical threshold. 24 However, the scenario for transition in such geometrically constrained domains is not sufficient to explain the spatiotemporal behavior of spots observed experimentally.
2
Here we extend the aforementioned dynamical system picture of transition in pCf to larger domains, allowing for spatial localization of incipient turbulent spots.
The numerical scheme ͑see Ref. 25 for details͒ is based on an expansion of the velocity field u = ͑u , v , w͒ in Fourier and Chebyshev polynomials
where L x =2 / ␣ and L z =2 / ␤ are, respectively, the streamwise and spanwise dimensions of the periodic domains expressed in units of h. x, y, and z are, respectively, the streamwise, wall-normal, and spanwise Cartesian coordinates. The complex coefficients of û k x ,k z ,m define a vector X in a phasespace with N real degrees of freedom, with ͉ . ͉ denoting the Euclidian norm in that space. Integrating the Navier-Stokes equations in time from a given initial condition corresponds to a trajectory of the associated dynamical system dX / dt = f͑X͒ in this N-dimensional phase-space. The value of N depends uniquely on the numerical resolution and has been pushed in this investigation up to N ϳ 2 ϫ 10 8 . Edge computations have been performed for Re between 350 and 1000, in a large numerical domain of reference size ͑L x , L z ͒ = ͑200, 50͒. The results shown here correspond to a localized initial disturbance of amplitude A 0 , defined by u = 0, v = ‫ץ‬ / ‫ץ‬z, and w ‫ץ−=‬ / ‫ץ‬y, where
As a result of the choice of the initial disturbance, the flow keeps the discrete symmetries ͓u , v , w͔͑x , y ,−z͒ = ͓u , v ,−w͔͑x , y , z͒ ͑spanwise͒ and ͓u , v , w͔͑−x ,−y , z͒ = ͓−u ,−v , w͔͑x , y , z͒ ͑flip-and-rotate͒, under which the Navier-Stokes equations are unchanged. The influence of these symmetries on the dynamics will be discussed later. The number of collocation points is generally 512 in x, 256 in z, and 33 in y, and it has been pushed to 1024 in x and 512 in z for robustness checks. 
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Edge trajectories are computed using a bisection algorithm. The amplitude A 0 of the initial condition ͑2͒ is refined down to machine precision, until the resulting flow neither relaminarizes nor goes turbulent. 24, 26 The method is based on an unambiguous distinction between the average levels of the integral root-mean-square wall-normal velocity v rms in the relaminarizing ͓v rms ͑t͒ → 0͔ and the turbulent case ͓v rms = O͑1͔͒ ͑see Fig. 1͒ . Because of the limitations of the floating-point representation, the resulting trajectory in phase-space is an, albeit excellent, approximation of an edge trajectory on ⌺ for a duration of nearly 700h / U.
A striking feature of the edge trajectory for all Re is that it quickly reaches a regime which is localized in both x and z ͑see also Refs. 27 and 28͒. Localization is also observed after a transient phase even if the initial condition is not spatially localized, for instance in the case of featureless noise. The dynamics on the edge is unsteady and does not show any sign of temporal periodicity, see for instance Fig.  1 . In order to study the dependence of the edge state as Re is varied, we have performed a time-average of the streamwise velocity field along the edge trajectory ͑the initial phase has not been considered͒. The extrema of the isocontour of the averaged field ͑corresponding to a drop of 1 4 from the maximum value͒ are shown in Fig. 2 
For all Re, the instantaneous flow field is characterized by clear spanwise modulations of the streamwise velocity, i.e., streaks. Their spanwise wavelength is O͑4h͒ and their number itself varies in time ͑see Fig. 3͒ . The global structure of the flow at Re= 375, in Fig. 3 ͑left͒, is directly comparable to the early stages of the spot development in Fig. 3 of Ref. 7, found by a gross bisection on Re rather than on the amplitude of the perturbation.
The L 2 -norm of the tangent vector dX / dt is computed along the edge trajectory. Note that ͉dX / dt͉ = 0 would correspond to an exact steady state of the system. The results are displayed in Fig. 4 for Re= 1000. A clear succession of lowvalued and high-valued regions, with a low-to-high ratio of up to three decades, can be observed. Just before and after minima are reached, the function ͉dX͑t͒ / dt͉ is varying in an exponential manner. These two points are an indication that the associated dynamical system has fixed saddle points, which are approached transiently by the edge trajectory. In order to check the robustness of this assumption, we have performed the same computations with double spectral resolution simultaneously in both x and z directions, up to 1024 in x and 512 in z. As the resolution gets finer, the location of these dips does not vary, however they become more pronounced ͑with a low-to-high ratio of more than four decades͒. Note that localized states also survive a decrease in spectral resolution, for instance we have observed them with only 256 modes in x and 128 in z. Doubling the size of the numerical domain in both x and z, while keeping locally the same resolution, yields a very similar signal, which ensures that the original computational box ͑200,50͒ is large enough for our purpose, at least up to Re= 1000. Importantly, the spatial extent of the localized state does not vary with the box size. This emphasizes the robustness of the present computations and shows that localization is not an artifact of the numerical scheme or the chosen box dimensions. This indicates that the approach to steady state solutions is more evident as the discretized system approaches the continuous system and as the computational domain approaches the unbounded space. Furthermore, visual inspection for t Յ 300 reveals that the flow keeps the same dynamics and the spatial organization. For t Ն 300, the trajectories corresponding to the various discretizations/domain sizes diverge from each other, an expected behavior typical of any chaotic saddle. It was checked that the discrete symmetries imposed through the choice of the initial disturbance have no influence on the localization of the states, for instance localization holds when the initial disturbance is delocalized noise. Following Ref. 24 , imposing symmetries has the advantage of reducing the multiplicity of exact coherent states and hence of improving quantitatively the approach to such states.
These recurrent visits to steady states strongly suggest that the laminar-turbulent boundary ⌺ is built around a network of saddle points connected by heteroclinic connections, such as in small periodic domains. 24, 29 A good approximation to the dynamics on such a heteroclinic connection is the part of the edge trajectories going from the vicinity of one steady state to the vicinity of another one. Such a trajectory is shown in Fig. 5 for Re= 500. The sequence of events is as follows. The initial edge state consists of two low-speed streaks. Later those streaks become simultaneously unstable, with wiggling occurring with an axial wavelength of O͑5-6h͒. Each streak breaks down quickly; however instead of a turbulent evolution, this breakdown is followed by a quick formation of three low-speed streaks instead of the two original ones. Note that the wavelengths of the instability modes are very close to the dimensions ͑L x s = 5.51, L z s = 2.51͒ of the small periodic domain studied in Refs. 10 and 29, where exact heteroclinic connections have been identified. Along those connecting trajectories, steady states are also unstable to disturbances with a wavelength L x s , and this instability leads to another steady state solution with a different number of streaks. This suggests that elements from the local dynamics, e.g., streak instability, can be understood, at least on a qualitative level, from the dynamical systems description of small periodic domains.
The energy of the perturbation associated to four successive minima of ͉dX / dt͉ is shown in Fig. 6 for Re= 1000. They correspond to the marks visible in Fig. 4 in a computational box ͑400,100͒ at times t = 77, 174, 373, and 533h / U. Despite the common original symmetry imposed through the initial condition, all the states shown here possess a clearly distinct topology: they have a different number of streaks and also differ in average length and width. Note that many other equilibrium states are also expected to exist in the corresponding phase-space in the absence of symmetries. Furthermore, the values of ͉dX / dt͉ at each dip decrease with Re. The fixed points embedded in the chaotic saddle are thus less unstable in the direction parallel to ⌺ as Re increases, a property also shared by other steady solutions previously found in pCf. 30 On the contrary, the instability of these states in the direction pointing out of ⌺ seems enhanced as Re goes large, as exemplified by the increase in the propagation velocity of the spot fronts.
3,7
The dynamical system picture of subcritical transition to turbulence, based on the existence in phase-space of saddle points embedded in the laminar-turbulent boundary ⌺, was first formulated using low-dimensional model systems. 20, 31 It was later extended to the fully resolved Navier-Stokes equa- FIG. 3 . ͑Color online͒ Instantaneous snapshots of the edge state for Re= 375 ͑left͒ and Re= 1000 ͑right͒. Three-dimensional isocontours u = Ϯ 0.05 of the streamwise velocity perturbation; light ͑yellow͒ corresponds to positive and dark ͑blue͒ to negative perturbation. Only part of the spanwise extent is shown here, corresponding to a domain of size ͑200,30͒. All snapshots are associated to a closest approach to a steady state. tions under very constraining periodic boundary conditions, reproducing the local dynamics of a pair of streaks only. 12, 29, 30, 32 Now in large computational domains, the notion of edge states is still valid and the corresponding flow seems to be invariably localized, as in the case of circular pipe flow 33, 34 or pCf. 27, 28 This numerical study hence suggests that the early development of a turbulent spot can also be described in terms of invariant manifolds of dynamical systems. Its spatial growth results from the instability of the unstable steady states located on ⌺. Those states are localized in both the streamwise and spanwise direction and can be identified by transient visits along the edge trajectory. This scenario is expected be relevant for other shear flows where transition to turbulence is both subcritical and spatially intermittent, such as circular pipe flow or plane Poiseuille flow.
Computer time provided by the Swedish National Infrastructure for Computing ͑SNIC͒ is gratefully acknowledged. 6 . ͑Color online͒ Energy in the midplane y = 0 for four quasisteady states on the edge trajectory, for Re= 1000. Isolevels ranking from 10 −3 to 3 ϫ 10 −2 by increments of 2.5ϫ 10 −3 . Those states correspond to the dips visible in Fig. 4 in a computational box ͑400,100͒ at times t = 77, 174, 373, and 533h / U, though only part of the domain is shown here.
